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Lawrence has germinated and developed and the result-
ing crop is being harvested in a variety of ways in many
different laboratories.

We were both introduced to this fascinating field
by Professor H. Lipson and we should like to express
our gratitude to him; we also acknowledge the award
of a grant from the Science Research Council for the
development of the laser diffractometer.
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Analysis of Diborane X-ray Diffraction Data Utilizing Structure Factors Calculated
from Molecular Wave Functions
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Crystal unit-cell structure factors for diborane, B,Hs, have been calculated for four possible molecular
geometries, using densities obtained from self-consistent field molecular wave functions. These struc-
ture factors were fitted for various B-H distances to the experimental X-ray data for B,H¢ by varying
the parameters of several thermal vibration models. B-H bond lengths so determined have values
about 0-05 A longer than those determined by the usual spherical atom analysis of the X-ray data.
Consideration of additional factors, such as the X-ray B-H bond shortening due to rigid rotation of
the molecule in the crystal, leads to the conclusion that the bond length correction given by this treat-
ment accounts for about two-thirds of the observed discrepancy between X-ray and electron diffrac-

tion values for the B-H bond lengths in diborane.

Introduction

The increasing accuracy of X-ray data has led to an
increased concern about the adequacy of the spherical
atom model commonly used for data interpretation.
One phenomenon generally attributed to such an in-
adequacy is the ‘anomalous’ shortening of B-H, C-H,
and other (atom)-H bonds in some structures as elu-
cidated by X-ray methods. The build-up of bonding
density along the bond results in an aspherical density
distribution around the atoms, especially hydrogen.
Hence, it is supposed that the best fit to this true den-
sity, utilizing a spherical hydrogen density distribu-
tion, is obtained with the center of this spherical dis-
tribution displaced towards the B or C location from

the true hydrogen nuclear location. Recently, Adrian
& Feil (1969) observed this shortening phenomenon in
N-H bonds when they obtained the crystal structure
of NH4F by both X-ray and neutron diffraction meth-
ods. Groenewegen & Feil (1969) then used several
available molecular wave functions for NH} as a basis
for calculating X-ray structure factors for NH,F. For
one of these functions, the only one with a multi-center
basis, they obtained a fit to the experimental data
superior to that obtained with a model based upon
spherical atoms.

In the present study, B-H bond length differences in
the structure of diborane, B,Hj, as determined by X-ray
(spherical atom model) and electron diffraction meth-
ods were investigated. This theoretical study was en-
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visioned at the time the X-ray data were collected in
this laboratory; for that reason, data well beyond that
required for the structure determination alone were
taken. These X-ray data were interpreted by using a
model which fits the data with structure factors based
on molecular densities obtained from self-consistent
field (SCF) minimum basis set LCAO-MO wave func-
tions for diborane. Such densities include effects of
bonding. Unit-cell structure factors were calculated in
this manner for several different choices of B-H bond
lengths. For each choice of bond length the structure
factors so obtained were fitted by least-squares to the
experimental data by varying the parameters of several
different thermal vibration models. For each such
model, the weighted agreement factors for the various
geometries were plotted as a function of bond lengths,
and a parabolic fit was used to determine the set of
bond lengths giving the optimum fit to the data. These
lengths were then compared with the optimum lengths

Fig.1. Diborane structure with respect to the molecular Car-
tesian coordinate system. The molecular unit vectors X, y
and z are related to unit vectors X, Y and Z in a unit cell
Cartesian coordinate system through the rotation angles ¢,
@ and ¢. The X, Y and Z vectors are defined as X=a, Z=c¢
and Y=2Z x X, where a, b and ¢ are unit vectors defining
the unit cell monoclinic coordinate system, ¢ unique.
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obtained by using spherical atom densities in corre-
sponding vibrational treatments.

1. Experimental information

Nitrogen temperature data for a single crystal of dibor-
ane taken in this laboratory (Smith, 1965; Smith &
Lipscomb, 1965) established the space group as P2,/n.
There are two molecules per unit cell, the first of which
is located at a symmetry center taken to be the origin
of the unit cell, and the second of which is related to
the first by a twofold screw axis. Structural parameters
as determined by the usual spherical model treatment
of 273 reflections are given in Table 1 (see Fig. 1).
These parameters define a geometry not of D,, sym-
metry. However, the parameter changes necessary to
bring it into a symmetric geometry have values about
the same size as the experimental errors in the par-
ameters. Hence, we do not feel that there is any in-
dication of a genuine departure from D,, symmetry in
the crystal. The observed structure factor magnitudes
and their assigned errors are given in Appendix B.
The diborane structure has also been studied by gas-
phase electron diffraction (Bartell & Carroll, 1965), a
method which determines nuclear locations. The struc-
tural parameters so obtained are given in Table 1. In
addition, Kuchitsu (1968) has used spectral data to
obtain a refinement of the electron diffraction param-
eters of Bartell & Carroll.* The values reported by
Kuchitsu are also given in Table 1. Throughout this
paper, the term ‘electron diffraction values’ refers to
the parameters of Bartell & Carroll. In the Discussions
and conclusions section we discuss the question of
which of these two sets of parameters is more ap-
propriate for comparison with X-ray results. While the
B-B bond lengths as determined by X-ray and electron
diffraction methods differ by an amount on the order
of experimental error,t the X-ray B-H bond lengths
for the two types of bond, terminal (B-H;) and bridge

* The work of Kuchitsu appeared after the calculations of
the scattering factors, based on the parameters of Bartell &
Carroll, were complete. We wish to thank a referee for calling
this paper to our attention.

+ As discussed later in detail, this difference is reduced if
corrections are made in the X-ray length for the effects of rigid
thermal motion of the molecule in the crystal.

Table 1. Experimental structural parameters and standard errors

X-ray
B-B 176, £0-01 A
B-H, 1-24 £0-02
B-H,’ 1:25 +£0-02
B-H; 109 +0-02
B-H/ 1-06 +0-02
/ Hi-B-H¢' 121.6 +1°

Electron diffraction Spectroscopy
(Bartell & Carroll) (Kuchitsu)
1-775+0-003 A 1-770£0-005 A
1-339+-0-002 1-329 £0-005
—0-006
1-339+0-002 1:329 £ 0-005
—0-006
1-196 +0-008 1-19, £0-01
—0-006
1-196+0-008 1-192£0-01
—0-006
1190 +1-8° 121-8 +3°
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(B-Hyp), are about 0-1 A shorter than electron diffrac-
tion values. This discrepancy is five times the estimated
error of 0-02 A obtained in the X-ray work, and twelve
times the largest estimated electron diffraction error.

2. Definition of geometry

Ideally, methods for fitting experimental data with
structure factors based on molecular densities would
allow for free variation of nuclear locations, just as
fits with structure factors based on spherical atoms do.
In fact, the computational complexity of obtaining
molecular wave functions rules out this procedure.
Thus, the molecular geometry must be fixed in advance
of the fit. In addition, expense considerations severely
limit the number of geometries that can be considered.

For this study, the B-B bond length and H;-B-H;
angle were fixed at the electron diffraction values, which
do not differ significantly from the X-ray values. Then
the B-Hp and B-H; lengths were varied to produce the
following geometries:

(@) The ‘short’ geometry. The B-H; and B-H,
lengths were obtained by averaging the two X-ray
values for each of these bond types. Thus, this geometry
is the X-ray geometry averaged to D,, symmetry, with
the H;~B-H; angle altered to the electron diffraction
value.

(b) The ‘electron diffraction’ (ED) geometry. B-H;
and B-H, lengths are those given by the electron dif-
fraction study.

(c) The ‘long’ geometry. The B-H; and B-H,, lengths
are obtained by adding to the ED lengths for these
bonds the difference between the ED and the ‘short’
geometry lengths for the bonds.

(d) The ‘intermediate’ (‘Int.”) geometry. B-H; and
B-Hj lengths are the averages of the ED and ‘short’
values for these bonds.

Parameters for these geometries are summarized in
Table 2. It should be noted that the necessity for con-
sidering geometry (d) was not apparent until results
were available for (@), (b) and (c).

Table 2. Structural parameters for geometries upon
which SCF structure factor calculations are based

Short Int. ED Long
B-B 1-775 A 1-775 A 1-775 A 1-775 A
B-Hs 1-245 1-292 1-339 1-433
B-H: 1:074 1-135 1-196 1-318
/ H-B-H; 119-0° 119-0° 119-0° 119:0°

3. Structure factor calculations

(@) Determination of density

In order to obtain unit-cell densities it was first
necessary to determine unambiguously the best orien-
tation in the unit cell for a diborane molecule of D,,
symmetry. To this end, a least-squares program for
spherical atoms was written which fitted the experi-
mental data by rotating the rigid molecule about the

fixed crystal-molecular symmetry center. Thermal par-
ameters were treated according to the method sug-
gested by Pawley (1964) (see also Schomaker & True-
blood, 1968) for rigid molecules. This method calcu-
lates the atomic anisotropic thermal parameters as a
sum of two contributions, the first from translational
motion of the center of mass of the molecule, and the
second from librations ot the molecule about its center
of mass. Atomic form factors for boron were those of
Ibers (1957), and the hydrogen atomic form factors
were calculated from a hydrogen 1s orbital with an
exponent of 1-2. This value is near that of the op-
timized H; and Hp exponents obtained with the S_:-
calculations discussed below.

For treatment of the ‘short’ geometry, final orienta-
tion angles as defined by Scheringer (1963) were p=
14-80°, 8=18-08°, and ¢=29-96° (see the legend of
Fig. 1). The total atomic thermal parameters obtained
were reasonable as compared with those obtained in
the original X-ray study. However, when the tensor
describing the librational motion was transformed to
principal axes, the diagonal elements were 0-320, 0-986,
and —0-214, in units of (2n2 rad?). The negative ele-
ment indicates that this particular model is not totally
appropriate in this case. In light of this result, two
additional calculations of the orientation angles were
made. In the first the rigid molecule was rotated, and
variable isotropic temperature factors were assigned to
each atom. Final ¢, 6, and ¢ values obtained were
14-79, 18-16 and 29-57°. The second involved the cal-
culation of ‘average’ orientation angles for the original
X-ray structure, which was not of D,, symmetry. The
¢, 0 and g values thus calculated were 14-92, 18:12 and
29:82°. For each of the three sets of angles, the unit-
cell coordinates of the atoms in the ‘short’ geometry
molecule were calculated. The maximum difference be-
tween positions for the same atom as calculated from
different sets was 0-001 fractional unit. Hence, we
concluded that the differences among these sets of
angles were inconsequential, and thus the angles as
determined by Pawley’s method were chosen.

The wave functions and molecular densities for each
geometry were obtained from an optimized Slater min-
imum basis set SCF calculation for that geometry.
[see Switkes, Stevens, Lipscomb & Newton (1969) for
details of the calculation for the ED geometry.] The
total unit-cell density is theoretically the sum of an
infinite number of molecular contributions, but, in
practice, a number of contributions were included such
that the addition of still more contributions did not
alter the value of the unit-cell structure factors by an
amount greater than a preassigned uncertainty in these
structure factors (vide infra). Thirteen different mole-
cules made contributions to this unit-cell density. At
any given point in the unit cell, however, an average
of only four or five molecular contributions were re-
quired. This criterion led to a unit-cell density estimated
to differ, at no point, by more than 0:5% from the in-
finite-sum limit. Although intermolecular forces will
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cause the total unit-cell density to differ from a simple
sum of molecular contributions, errors generated by
using the sum of molecular densities should be small
compared with the uncertainties, detailed below, which
are introduced by the thermal motion models.

(b) Structure factor expressions
The unit cell scattering factor, F(h, k, 1), is given by

ol 1 a1l
Fh, k, )=V So dx SO dy SO dza(x, y, 2)

x exp [—2mi(hx+ky+i2)], (3.1)

where x, y, and z are unit-cell coordinates in frac-
tional units, V is the unit-cell volume, and g(x, y, z) is
the unit-cell density at a point. The nature of the ther-
mal motion treatments to be applied, however, dictates
that the unit-cell scattering factor be written as a sum
of two terms, each of which must be known separately.
Thus,

F(h, k, )=Fy(h, k, 1)+ Fs(h, k, 1), 3.2)
where Fy(h, k, [) is the contribution to the total scatter-
ing factor by the molecule located at the origin, and
Fs(h, k, 1) is the contribution by the screw-related mol-
ecule. Fy and F; are given by

1 ol 1
Fo(h, &, 1)=VS de dyS dzao(x, , 7)
0 0 0

x exp[—2nithx+ky+iz)], (3.3)
and
1 1 1
Folh, k, l)=VS de dyS dzos(x, y, 2)
o Jo " Jo
x exp [—2ni(hx +ky+12)], (3.4)

where g, is that part of the unit-cell density contributed
by molecules related to the origin-located molecule by
simple translations, and g; is that part contributed by
molecules related to the origin molecule by simple
translations plus a twofold screw operation. The sym-
metry properties of the unit cell can then be used to
reduce (3.3) and (3.4) to the following forms. For
details of the steps involved, see Jones (1969).

Fo(h, k, D=VIIi(h, k, )= Lh, k, D], (3.5)

and

Fs(h’ k7 1)= i V[Il(ha ka l) +12(h9 k’ 1)] ’ (3'6)

where the sign is + for (h+k+/) even and — for
(h+k+!) odd, and where

1 1/2 I
L(h, k, 1)=2S de dyS
0 0

2
dz[oo(x, y, 2) + os(x, ¥, 2)]
(3.7)

ol
o
x [cos 2n(hx +ky) cos 2n(lz)] ,
and
I 1/2 1/2
hh k=24 ax{ " o “ddlentx. . DF ostx . 2)
x [sin 2zn(hx + ky) sin 27(/z)] , (3.8)
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with the upper signs holding for (A+4 +/) even and
the lower for (h+k +/) odd. Note that integrals /; and
I, need be evaluated over only one quarter of the unit
cell.

(¢) Numerical integration

Numerical three-dimensional Gaussian quadrature
was used to evaluate the I;(h, k, [) and L(h, k, ) inte-
grals for all reflections. The necessary computing pro-
grams were not available and had to be written for
these calculations. This section describes, first, a pro-
gram test case based on spherical atom densities and,
second, the calculation of the SCF structure factors.
This latter computation involved the integration of the
difference between SCF and spherical densities. For
the test, the total unit-cell density was based on anal-
ytical spherical atom densities which yielded analytical
expressions for the atomic form factors, so that exact
values for unit-cell structure factors were available.
For hydrogen, the form factors used for the unit-cell
orientation study were adopted. The boron density was
calculated from Duncanson & Coulson’s (1944) atomic
orbitals. McWeeny’s (1951) analytical form factors for
boron, also calculated from Duncanson & Coulson’s
orbitals, were used. Because of the rapid change in
density near the nuclear centers, a much finer integra-
tion mesh was needed near these locations than in the
remainder of the unit cell. In addition, because of the
discontinuity of the first derivative of the density at
the nuclear centers, it was necessary to devise a com-
puting routine that would divide the unit cell into sub-
volumes, in such a way that the nuclei were always
located at a sub-volume ‘corner’, so that it was never
necessary to integrate across the discontinuity (see Ap-
pendix A). We decided that values for the integrals
with a relative accuracy of 0-1% would be more than
adequate for this study. Furthermore, we showed that
a total of about 30,000 quadrature points, with about
9,000 of these points in fine-mesh volumes around the
nuclei (comprising only 2% of the total integration
volume) were sufficient. The ED geometry was chosen
for the initial test integrations. With this quadrature,
the maximum relative error encountered among 274
unit-cell scattering factors, F(4, k, [), was 0-39 %, but
the usual error was about 0-:05%. The usual values of
the structure factors themselves were between 1 and 5.
In fact, errors turned out to be fairly independent of
scattering factor magnitude; these error values ranged
from 0-00004 to 0-004, except for the density itself,
which integrated to 31-989 instead of an exact 32-:000
(relative error, 0-03 %). Additional spherical atom test
calculations later showed that this mesh size and dis-
tribution were adequate for all geometries.

For the integration of the SCF densities, a con-
vergence criterion was used to judge integral accuracy,
since the only structure factor known exactly was the
total density, F(000). Expense considerations dictated
that the convergence studies be limited to a set of
representative structure factors, which were chosen as
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000, 2 —1 3, 220, 218 and 012. The 220 reflection
was the smallest encountered in the spherical atom
test integrations, and should be especially sensitive to
changes in the mesh size or distribution. It was soon
discovered that the same mesh used for the test inte-
grations was not satisfactory for the SCF density.
Since the difference between the test and SCF cases
was the aspherical nature of the latter, and since this
asphericity is most marked along the B-H bonds, it
was felt that the test mesh was inadequate mainly in
the bonding regions. In an attempt to find an accept-
able mesh without altering the total number of quad-
rature points, a ‘difference density’ technique was in-
troduced, as follows. From the unit-cell SCF density
we subtracted a spherical model density which was
made up of atomic densities scaled to match the SCF
density value at the nuclear centers. This difference
density, 4o, is given by

> Ssesi(x, », 2)

B atoms,

- z SH,iQHm(X, Y, Z) ’ (3'9)

H atoms,
m

do(x, y, z)=gscw(x, ¥, z)—

where

oscr is the unit-cell density synthesized from SCF mol-
ecular densities,

¢B is a spherical boron atomic density calculated
from Duncanson & Coulson’s orbitals,

¢ Is a spherical hydrogen atom density calculated
from a ls hydrogen orbital with an exponent of
1-2,

S8 is a scale factor such that gscr(boron nucleus)
— SBep(boron nucleus)=0,

Sw,: is a scale factor such that gscr(hydrogen nucleus)
— Su,u(hydrogen nucleus)=0, i=1 for H=H;,
i=2 for H=Hj,, and the summations are over all
atoms included in the synthesis of gscr from in-
dividual molecular densities.

This difference density varied much less drastically in
the region of the atomic centers than did the total den-
sity. We hoped that, by integrating only this difference,
some of the quadrature points massed around the
nuclei in the test-case mesh could be shifted into the
regions along the B-H bond axes. Accordingly, the
fine-mesh volumes around the atomic centers were ex-
panded to include the area along the bonds, without
an alteration in the total number of points within
these volumes. To further conserve funds, extensive
calculations were done only on the ‘long’ geometry.
This geometry was chosen because, of the four con-
sidered, it gave the smallest point-to-volume ratio
within the fine-mesh volumes, and therefore provided
the severest test of point distribution. Calculations
were done first for a mesh of about 30,000 points, with
about 9,000 of these in the fine-mesh volumes, and
second for a mesh of about 50,000 points, with about
19,000 of these in the fine-mesh volume regions. Total
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unit-cell scattering factors, F(h, k, /), were then ob-
tained by adding the integration ‘difference F’ (4F)
results to a spherical unit-cell scattering factor calcu-
lated from, and scaled in the same manner as, the
spherical atoms which had been subtracted from the
SCF density. The relations are

F(hyk,)=A4F(h, k, )
+ Z SBfB(h, Kk, [) exp [“27Ti(thl+k)’Bi+[ZBi)]

B atoms,

J
+ > Swuifulh k1)

H atoms,
m

x exp [—2ni(hxu,, +kyn, +1zm,)], (3.10)

where

/B is an atomic form factor calculated from gs,

J= is an atomic form factor calculated from gg,

(xB, yB,, zB) and (xn,, yu,, zu,) give the loca-
tions of atoms B; and Hyu in unit-cell fractional co-
ordinates,

the summations are over all atoms in the unit cell,
and all other symbols are as defined in (3.9).

It is easy to see how (3.9) and (3.10) can be written
in terms of @, ¢s, Fo, and Fs.

The maximum relative difference between high and
low-mesh values among the five scattering factors was
0-17% for 220, whose value was 0-090, and less than
0-05% for all others. All five agreed to within two
digits in the fourth significant figure (third decimal
place). In addition, these same meshes were used to
integrate the full SCF density, and, although low and
high-mesh values were not in good agreement, the
agreement between high-mesh SCF values and the
‘converged’ difference technique values was within
three digits in the fourth significant figure. Relative
error here was 1:9% for 220 and less than 0-06 %
for the others.

These results indicated that the 30,000 point inte-
gration based upon this difference method yielded
values which had converged to the desired accuracy.
The 274 Ii(h, k, ) and I(h, k, [) integrals for the four
geometries were calculated using this mesh, and final
Fo(h, k, 1) and Fs(h, k, 1) values were then calculated
from these integrals. For each geometry, about one
hour of IBM 7094 computer time was required for den-
sity calculations, with an additional hour for integral
evaluations.

4. Thermal motion models

In order to make valid comparisons with the results
of spherical calculations, it was necessary to fit the SCF
scattering factors using thermal vibration models as
nearly akin as possible to those used in spherical atom
fits. This section describes two basic types of thermal
treatment. The first assumes that the thermal motion
can be described as a translational motion of the entire
molecule. The second treats the motion of individual
atoms by utilizing a technique similar to that used for
the difference density integrations.



DANIEL S. JONES AND

Since the smallest entity recognized by the SCF
model is the molecule, the only thermal parameter
treatment which can be strictly applied to both spher-
ical and SCF calculations is that which assigns a single
temperature factor to the entire molecule. Taking this
to be an anisotropic factor, the calculated structure
factor, Feaic, based on the SCF model is given by

Feurolh, k, 1)=SCIFo(h, K, 1) exp (= > Busisy)

i,j

+ Flhy ke, 1) exp (— ;;B;,szsf>1, @.1)

where

si=h, s,=k, 3=/,

Bis is an element of the anisotropic temperature ten-
sor for the molecule located at the origin,

Bi; is an element of the temperature tensor for the
screw related molecule (f;,=fy except for f{;=
—BisBas=—Pa3),

and SC is a scale factor.

An obvious objection to this treatment is that the
boron atoms will dominate the fit, so that the hydrogen
atoms, of chief interest here, will hardly be taken into
account. In order to obtain a treatment which would
both consider hydrogen atoms and be comparable
with a spherical model treatment, a method parallel to
the difference density integration technique was de-
vised. ‘Difference scattering factors’, 4Fyand 4Fs, were
defined as

AFyh, k, [)=Foh, k, 1)
— > Ssfulh k, 1) exp [—2ni(hxs, +kys,+1z8)]

B atoms,
J

H atoms,
m

x exp [—2ni(hxn,, +kyn,+lzu,)],

Swu,ifulh, k, )

4.2)

and similarly for 4Fs(h, k, I) for the screw-related mol-
ecule. Note that (4.2) is just a rearrangement of (3.10),
which was written in terms of the total scattering fac-
tor. All symbols are the same as those defined in
(3.10), except that the summations extend only over
atoms located in the origin-situated molecule for 4F,
and only over atoms in the screw-related molecule for
AFs. Thus, (4F,+A4Fs) gives the scattering due to 4g¢
(equation 3.9).
The expression for Feaie can then be written as

Feare(h, k, l)=SC{AFO(h, k,l)exp (— S Biisisy)
A, K, 1) exp (= T B35
13, k, ) exp (— E Blisisy+f3(h, k, )

o2
atoms,
m

x exp (= L BPsisp)l}, (4.3)
Lj

where
B is an element of the anisotropic temperature ten-

sor for AF,

AC26A~3
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B7, is an element of the anisotropic temperature
tensor for atom m (m=H or m=B),

foUhk,Dy=Smfm(hk,l) exp [~ 2ri(hxm +kym +1zm)],

S, ke, Ty=Smfulh, K, 1) exp [ =200 (hxj k¥l +12,)]
with (X},, Y, 2,,) related to (xm, ym, zm) by the twofold
screw operation,

the By, B, and BY;, B, are related as in (4.1), the
summation is over the atoms in the origin-situated mol-
ecule and the S, are as defined in (3.9), and all other
symbols are as defined in (4.2).

Note that if atoms m and m’ are related by the in-
version center operation, f%=f%, and f35,=f%,. Hence,
there are only four unique atoms to be subtracted,
corresponding to the four atoms in the asymmetric
unit of the unit cell.

The essence of this treatment is that it assigns an
anisotropic temperature factor to the difference den-
sity, 4o, of (3.9), as well as to each of the subtracted
atomic densities. It is emphasized that this density
partitioning was motivated by the desire to obtain a
thermal motion treatment as closely related as possible
to the usual spherical atom treatment in which each
atom is assigned an anisotropic tempertaure factor. No
physical significance is claimed for the difference den-
sity part: indeed, it is negative at some points. The real
significance of the difference density lies in the fact
that this difference distinguishes the SCF model from
the usual spherical model treatment. Since 4¢ meas-
ures the discrepancy between SCF and spherical atom
densities for a given geometry, a 4o value of zero at
all points would cause the SCF and spherical treat-
ments (including thermal motion corrections) to coin-
cide.* Because of the ‘non-physical’ nature of 4g, the
By and pB;, thermal parameters assigned to 4F, and
AF; in (4.3) were held fixed in all but one of the least-
squares fits described below. Each such set of fixed
and B’ parameters was chosen in some ‘reasonable’
way.

5. Data fits

The least-squares fits of the SCF scattering factors to
the experimental data utilized the weighting scheme
originally used by Smith. The weights used are given by

wih, k, 1)=1/c%h, k, 1),

where the o(h, k, /) are the assigned errors listed in
Appendix B. The residual minimized and the weighted
agreement factor calculated are given by

Residual =X WODS(IFODS, - |Fcalc|)2

* This would be strictly true only if the S and Su factors
scaling the spherical atoms subtracted from the SCF density
were all equal to one. However, we showed that, for a given
choice of anisotropic thermal parameters for 4Fo and 4Fs,
the subtraction of unscaled spherical atoms and variation of
atomic thermal parameters yielded nearly the same set of cal-
culated structure factors as was obtained when scaled atoms
were subtracted.
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and

wWR=

Z wobs(| Fobs| — chachz]l/Z
[ Z wobs| Fobs|? <100

Six fits of the SCF scattering factors were carried out,
one according to the model of (4.1), four according
to the model of (4.3), and one according to a modifica-
tion of (4.3). Each of these fits, described as 4 to F
below, was made for all four molecular geometries.

(4) As in the model of (4.1), a single molecular an-
isotropic temperature factor and a scale factor were
varied, for a total of seven parameters.

(B) This fit was made according to equation (4.3),
except that only scaled boron atoms were subtracted,
so that 4Fy and 4F;s included all hydrogen atoms. Par-
ameters which were varied included anisotropic ther-
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mal parameters assigned to 4F, and 4F;. In this case
these difference scattering factors do have a physically
interpretable meaning. Variation of the scale factor
and boron thermal parameters brought the number of
parameters varied to thirteen.

(C) This fit was exactly as set forth in (4.3). The
parameters which were varied included anisotropic
temperature factors for each of the four subtracted
atoms plus a scale factor, a total of twenty-five. The
anisotropic thermal parameters assigned to 4F, and
AF; were kept fixed, and, for each geometry, these
were chosen to equal the final 4F, and A4F; thermal
parameters obtained in fit (B). This choice is a ‘rea-
sonable’ one in the following sense: because the aspher-
icity of hydrogen is much more marked than that of
boron, 4g can be thought of as having mostly hydrogen

Table 3. Weighted agreement factors for the spherical model least-squares fits to experimental data

The number in parentheses after the minimum agreement factor gives the coordinate for this minimum. An asterisk indicates
that the minimum was obtained from a parabolic fit to the three nearest data points.

Model

Geometry Molecular
coordinate temp. factor
-0-10 10-40
—0-08 9-80
—0-06 9-34
—0-04 9-05
—0-02 895
0-00 (short) 9-07
0-02 9-38
0-04 9-89
0-06 10-55
0-08 11-34
Minimum 895 (—0-02)

B atom
subtraction ORFLS
9-21 8-62
8-49 8-04
7-88 7-54
7-44 7-17
7-18 6-94
7-15 6-89
7-34 7-03,
774 7-36
8-30 7-83
8-99 8-41

7-14 (—0-0073)* 688 (—0-0047)*

Table 4. Weighted agreement factors for the SCF model least-squares fits to experimental data

The last line of the Table gives the coordinate at the minimum. An asterisk indicates that the minimum was obtained from a
parabolic fit to the three nearest data points.

Model
Geometry ~
coordinate A B C D E F
0-00 (short) 10:69 6-99 666 6-96 682 6-45
0-05 (Int.) 10-00 6:76 6-44 6:45 6:49 6-29
0-10 (ED) 10-47 7-54 7-19 6-90 7-10 6-45
0-20 (long) 13-00 10-80 9-51 8-83 9-11 717
Minimum 9:99% 6:72* 6-40* 6:45* 6-48* 629
Coordinate
at minimum 0-055* 0-036* 0-036* 0-052* 0-043* 0-050

Table 5. The shift to longer bond lengths between the minima obtained with the SCF models
and corresponding spherical models

The errors shown for the averages are standard deviations. The ‘shift’ is defined as (SCF minimum)—(spherical minimum) and
is given in geometry coordinate units.

SCF model A B

Spherical B atom
model Molecular subt.

Shift 0075 0:043

C D E F
FLS FLS FLS FLS
0-041 0-057 0-048 0-055

Average of C,D, E=0-049 +0-008.
Average of B,C,D, E=0-047 +0-007.
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Fig.2. Weighted agreement factors vs. B-H bond lengths for
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character. Thus, temperature parameters appropriate
to the total hydrogen density should be appropriate
also to 4g.

(D) This fit involved variation of the same twenty-
five parameters as in (C). The fixed anisotropic ther-
mal parameters assigned to 4F, and 4F; were chosen,
for each geometry, to equal the final thermal param-
eters for F, and F;s obtained in fit (4).

(E) Twenty-five parameters were varied, as in (C)
and (D). In an attempt again to ‘characterize’ 4g, it
was felt that, since a large fraction of the difference lay
in the bonding regions, the thermal motion of the dif-
ference might be thought of as being determined more
by rigid body motions of the molecule than by internal
vibrational motions. Accordingly, a set of 4F, and
AFs thermal parameters was obtained by ‘averaging’
the atomic anisotropic thermal parameters which re-
sulted from the thermal motion treatment of the orien-
tation angle determination by Pawley’s method. For
each B-H bond the B and H parameters were averaged,
and then these three sets of parameters were again
averaged. Since the orientation angle study involved
only one geometry (‘short’), this single set of param-
eters was used for all four geometries.

(F) Thirty-one parameters were varied in the model
of (4.3), including the scale factor, anisotropic thermal
parameters for each of four atoms, and anisotropic
parameters for the 4F, and AF;s difference scattering
factors.

In order to obtain spherical atom results with which
the results of the above SCF calculations could be
compared, the following three spherical atom fits were
made. Each fit treated several geometries centered
around the ‘short’ geometry. The atomic form factors
used were as defined for equation (3.10).

(4") The ‘molecular temperature factor’ fit. A scale
factor and single anisotropic molecular temperature
factor were varied. This corresponds exactly to SCF
fit (A4).

(B") The ‘boron subtraction’ fit. The boron atom
was assigned anisotropic thermal parameters, and the
three hydrogen atoms were constrained to have iden-
tical anisotropic thermal parameters. Scale factor varia-
tion brought the number of adjustable parameters to
thirteen. This fit corresponds to SCF fit (B).

(C") The ‘ORFLS’ fit. This is the usual spherical
model treatment, varying a scale factor and indepen-
dent anisotropic temperature factors on each of four
atoms. This fit was done using a revised form of the
ORFLS program of Busing, Martin & Levy (1962).
Twenty-five parameters were varied.

6. Results

In Table 3 we list the weighted agreement factors for
various geometries as determined by the three spherical
model fits just discussed. Each unit of the ‘geometry
coordinate’ represents a change of B-H, and B-H;
bond lengths equal to ten times the difference between
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‘short’ and ED values for these bonds. Each unit thus
represents a 1-22 A change in the B-H; bond length
and a 0:94 A change in the B-Hp length. The ‘short’
geometry was arbitrarily assigned the coordinate zero.
With these definitions, a geometry coordinate of g
units represents a geometry with B~H bond lengths
about g A longer than the ‘short’ values for these
bonds. Table 4 gives the weighted agreement factors
for the six SCF fits discussed above, and Table 5 gives
the differences between the coordinates at the minima
of each SCF fit and its corresponding spherical atom
fit. In Fig. 2 agreement factors are plotted vs. geometry
coordinates for the six SCF and corresponding spher-
ical atom fits as given in Table 5. Fig. 2(4) corre-
sponds to SCF fit (A4), etc.*

Fig. 2(a) has the interesting properties: (a) the spher-
ical model minimum is not at the ‘short’ geometry;
(b) the minimum agreement factor for the SCF model
is larger than that for the spherical model; (¢) the SCF
shift to longer bond lengths is about three-quarters of
the observed ‘anomalous’ bond shortening.

Fig. 2(b), based on a thermal motion treatment in-
cluding hydrogen atoms at a minimal level, gives a less
pronounced shift to longer bond lengths, but the SCF
optimum agreement factor is now lower than the best
spherical model value. In addition, in Fig. 2(d) the
spherical minimum falls much closer to the ‘short’
geometry than it does in Fig. 2(a).

Fig. 2(c), (d), and (e), representing SCF fits based
on vibrational models most like the usual spherical
atom models, have an appearance similar to that of
Fig. 2(b), with the minimum SCF agreement factors
0-40 to 0-48 unitt lower than the spherical model
minima. Shifts to longer bond lengths are around

* After the original submission of this manuscript, we dis-
covered that the ‘ORFLS’ spherical atom fit would converge,
for each geometry, on two different sets of thermal and scale
parameters. Corresponding parameters in the different sets
usually differed by no more than two standard deviations for
that parameter. These newly-discovered sets yielded weighted
agreement factors which, when plotted vs. geometry coordinate,
gave a curve slightly steeper, and with a lower minimum, than
the original ‘ORFLS’ curve. This new curve is plotted as a
dashed line in Fig.2(d). The minimum of the new curve lies
at —0:0039 geometry coordinate units, at virtually the same
place as the minimum of the original curve (—0-0047 units).
Hence, none of our conclusions regarding bond lengths are
altered. A search was made, without success, for another
agreement factor curve for SCF treatment (D). If such a curve
did exist for any of the SCF treatments, we would not expect
the position of its minimum to differ significantly from that
of the original curve. Again, our conclusions about bond
lengths would remain unaltered.

We considered the possibility that the three SCF points
used to determine the minimum in each of the SCF curves
might, in some case(s), actually belong on different curves.
This possibility seems remote, however, in light of the fact
that the curves for SCF treatments (b), (¢), (d) and (e) are
virtually superimposeable in the region of these three points.
This is true, even though the treatments differ considerably
among themselves.

T 0-16 to 0-24 units, if based upon the new spherical-model
curve,
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0-05 A, and the spherical minimum is consistently about
0:005 A to the short bond-length side of the ‘short’
geometry. In the region of the minimum, the SCF and
spherical curves are similarly shaped.

Fig. 2(f) is based on the vibrational treatment vary-
ing thirty-one parameters. A very shallow SCF curve
is obtained, implying that the optimum bond lengths
are not well determined.

7. Discussion and conclusions

All thermal vibration treatments give results indicat-
ing that use of the SCF model leads to B-H bond
lengths longer than those obtained through use of the
spherical model. The longest SCF model B-H lengths
are obtained from fit (4), but the validity of these
results must be seriously questioned for the following
reasons: (a) this fit is severely limited in its ability to
treat the motion of hydrogen atoms; (b) the spherical
minimum is considerably displaced from its location
in the remaining fits; (¢) the SCF minimum agreement
factor is larger than the best value for spherical atoms,
a result also discordant with results of the remaining
fits. Fits (C), (D), and (E) should be the ‘best’ treat-
ments of thermal motion, in the sense that they are
most like the usual spherical model treatments. For
these three, and for (B), the SCF model does give
better agreement factors than the corresponding spher-
ical model, and the minima for spherical atoms are at
more reasonable locations. The 0-005 unit difference
between the ‘ORFLS’ spherical minimum and the
‘short’ geometry is well below experimental uncer-
tainty and is attributed to the effects of averaging the
X-ray parameters to D,, symmetry and altering the
H;-B-H; angle to the ED value. Fit (F) is not con-
sidered a valid one for bond length determination,
since the temperature factors assigned to a physically
meaningless 4¢ were varied, but the results did serve
as an additional indication of how serious an error
might result from an incorrect choice for the temper-
ature factor assigned to 4g. The position of the SCF
minimum here differed little from that of fits (B)
through (E). The shallowness of the SCF curve oc-
curred most probably because an additional six vari-
able parameters were introduced.

Considering fits (C), (D), and (E) as the most nearly
valid for bond length determination, an average SCF
shift to longer bond lengths of about 0-05 + 0-008 A is
obtained. (Inclusion of (B) as a fourth fit does not alter
this value significantly.) The standard deviation of
about 0-01 A is a measure of the error introduced by
choosing a set of 4F; and AF; thermal parameters
different from some undefined ‘best’ set.

Another possible error source is the existence of ran-
dom errors in the experimental data. The following
test was devised to investigate the effects of such errors.
A data set which was reasonably close to the experi-
mental set, yet ‘free’ from any errors, was contrived
by choosing as ‘observed’ data the calculated structure
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factors for the ‘Int.” geometry of SCF fit (D). For this
data set, fit (D) gave, of course, a minimum at the
‘Int.” geometry (0-05 unit) and an agreement factor
of 0-0. The spherical model (‘ORFLS’) gave a mini-
mum, for these data, at —0-0045 unit, yielding a
weighted agreement factor of 4-09. Note that this min-
imum falls at the same location as the spherical min-~
imum based on the actual data. Ten data sets con-
taining random errors (Gaussian) were then generated
by adding ‘errors’ to the contrived scattering factors,
Fy(h, k, 1), according to the formula

Error(h, k, I) = R x 0-075 x (0re1/Tre1) X Fe(h, k, 1),
where R is a random number with standard deviation
one, 0-075 is a normalizing factor selected so that fits
to the random error data sets gave agreement factors
of about the same size as those obtained in fits to the
actual data, orer is the relative error assigned to
F(h, k, ]) in the actual data set, and gre; is the average
over all reflections of the relative errors assigned in the
actual data set. Fits to these random error sets accord-
ing to SCF method (D) gave minima with an average
location 0-001 unit removed from the ‘Int.” geometry,
with a standard deviation from this average of 0-0069
unit. Spherical model (‘ORFLS’) treatment of these
data sets gave an average minimum at —0-0045, iden-
tical to the minimum obtained with the contrived set
without errors. The standard deviation from this aver-
age was 0-0051 unit. Of chief interest, however, is the
error in the difference between SCF and spherical min-
ima. For fits to the error-free data, this difference was
0-0546 unit. The average of the fits to the ten error-
containing data sets gave exactly this value, with a
standard deviation of 0-0027 unit. This indicated that
random errors in the data can introduce an error in
the SCF shift to longer bond lengths of about +0-003
A, a value well below both experimental uncertainties
and the uncertainty, discussed above, inherent in the
vibrational treatment. Hence it was concluded that, if
the errors in the diborane experimental data are purely
random, such errors will not significantly affect the
results of this study.

Finally, the method of Cruickshank (1956) was ap-
plied to determine the magnitude of X-ray bond short-
ening caused by rigid thermal motion of the molecule.
The tensor giving the mean-square amplitudes of libra-
tion was taken from the unit-cell orientation study
described in § 3. The negative diagonal element present
after the transformation to principal axes was set equal
to zero for this calculation. Of the remaining diagonal
elements, the larger corresponds to a root-mean-square
oscillation of about 13° around an axis almost coin-
cident with the B-B bond axis. The final diagonal ele-
ment represents an oscillation of about 7°. An anal-
ysis showed a B-B bond shortening of 0-014 A, and
B-H; and B-H, shortenings of about 0-02 A. While
the negative oscillation angle originally present pre-
vents us from accepting these figures as quantitative,
we may still regard 0-01 to 0-02 A as a reasonable value
for shortening due to this effect.

205

What, then, may be finally concluded about the im-
provements gained by using an SCF model for X-ray
data interpretation? Two separate questions can be
asked. First, what X-ray bond length changes can be
directly attributed to the use of the SCF scattering fac-
tors? Second, how do the B-H lengths based on the
SCF model compare with the ‘true’ values? The an-
swer to the second question must take into account
errors in the X-ray thermal motion models, problems
regarding the most appropriate parameters for com-
parison with X-ray results, efc. The first question, how-
ever, can be answered by considering only the matter
of whether the effects of errors in the spherical-atom-
model thermal-motion treatments are different from
the effects of similar errors in the SCF-model thermal
treatments. The spherical atom and SCF treatments
were made as nearly alike as possible so that the bond
length shift in going from spherical to SCF scattering
factors would be relatively independent of such ther-
mal model errors. For example, if both the spherical
and SCF thermal treatments used here were modified
to include anharmonic effects, we would expect the
values of the B-H bond lengths as determined by the
modified treatments to differ from those calculated
here, but we would also expect the difference between
the spherical atom and SCF bond lengths thus deter-
mined to remain very close to 0-05 A.

The question of how our B-H lengths compare with
the ‘true’ values is a much more complicated matter.
If we knew exactly what thermal corrections to make
in order to transform the static unit-cell density, a sum
of molecular densities, into the true average cell den-
sity, then the molecular geometry upon which the
static density was based would be an equilibrium ge-
ometry. The B-H lengths would then be r, values. On
the other hand, the Bartell & Carroll electron diffrac-
tion values are r, values, representing ‘the average
value of an instantaneous internuclear distance’ (Ku-
chitsu, 1968). Kuchitsu has used data from vibration
and vibration-rotation spectroscopy to calculate ‘r;’
values, which are ‘distances between average positions
of atoms with respect to a molecule-fixed coordinate
system’. To go from either r, or r, to r, (rg, 1, >71,)
requires a detailed theoretical calculation to determine
molecular vibrations, including anharmonic effects.
Such calculations are not available for diborane, but
calculations for CH, (Kuchitsu & Bartell, 1962) show
that the value for r,—r, for the C-H bond is about
0-02 A. In this connection, the isotope effect for CH,,
r{(C~H) —r,(C-D), is 0:004 A. For diborane, this effect,
r¢(B~H) —r,(B-D), is 0-006 A for the bridge hydrogen
atoms and —0-002 A for the terminal hydrogen atoms
(Kuchitsu, 1968).

We do have some information about the effects of
the thermal motion model that has been applied in
the X-ray case. The rigid rotation of an equilibrium
geometry molecule in the crystal leads to X-ray lengths
shorter than r, values, necessitating the correction dis-
cussed above. We may also consider the anharmonicity



206

present in the stretching of a B-H bond, and the error
introduced by fitting such anharmonicity with a har-
monic stretching function. If we fit, in the least-squares
sense, the usual kind of anharmonic potential with a
harmonic approximation, the minimum of the har-
monic curve would then lie on the long bond-length
side of the anharmonic minimum. Therefore, we might
expect that X-ray B-H lengths, corrected for rotational
shortening, would be somewhat greater than r, values,
but less than r, values.

The accuracy of the wave functions used might also
be considered as a possible source of error. It would
seem, however, that the difference between the mol-
ecular SCF densities calculated in this study and the
true molecular densities should be much less than the
difference between the SCF densities and spherical
atom densities. Even so, if the scattering factors were
much more sensitive to changes in a density configura-
tion very close to the true density than to changes in
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a configuration well removed from the true density,
an improved wave function might give an additional
bond lengthening on the order of hundredths of an
Angstrom. It would be desirable to investigate this
possibility by carrying out additional SCF calculations
with a balanced expanded basis set, in order to better
account for density polarization around the hydrogen
atoms. At present, however, such calculations are be-
yond our capabilities.

With our limited information about what X-ray
bond lengths really represent, the r, values of Kuchitsu
would seem reasonable parameters for comparison.
The r, values are greater than r, values but less than
re values. For the B-H bonds, r,—r, is about 0-01 A.
If we add 0-01 A to the SCF bond lengths, to correct
for rotational shortening, the discrepancy remaining
between the X-ray and r, values is about 0-03 A. Thus,
based on this comparison, we have accounted for about
two-thirds of the observed ‘anomalous’ shortening. Of

Table 6. Observed and calculated structure factors for diborane

The four columns give, respectively, the / index, ten times the observed structure factor magnitude, ten times the calculated
structure factor, and ten times the standard error. Asterisks in columns two and four indicate unobserved reflections.
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this amount, about 0-05 A can be attributed directly to
the inadequacy of the spherical atom model for the
interpretation of X-ray data.
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for the use of his computing program for the SCF
calculations. Many helpful discussions with Dr Thomas
A. Halgren are also gratefully acknowledged. This in-
vestigation was supported in part by a National In-
stitutes of Health Fellowship (to D.S.J.) No. 5-F01-
GM37886-02, from the National Institutes of General
Medical Sciences. The computations were supported
by the Office of Naval Research and the Advanced
Research Projects Agency.

APPENDIX A

The computing routine used to divide the integration
volume into subvolumes is a complicated one and may
be of general use, so a brief description of it is given
here.

The input data include (1) the limits of integration
in each dimension, (2) the coordinates of each atomic
center, (3) for each center, the dimensions of the spe-
cial volumes to be constructed around that center and
the integration mesh size for these volumes, and (4) the
integration mesh size for the volume remaining after
the special volumes have been removed.

The routine first generates the special volumes, then
uses crystal symmetry operations to transform any spe-
cial volumes protruding from the original integration
volume to equivalent volumes within the original. Next
a check is made to see if any special volumes overlap,
then a set of volumes is generated to fill the space
remaining after the special volumes are removed from
the original integration volume. Output includes all vol-
umes generated and the mesh sizes for these volumes.

Contribution of a revised version of this program to
the Quantum Chemistry Program Exchange is planned.

APPENDIX B

The X-ray diffraction data originally taken for diborane
(Smith & Lipscomb, 1965) were sufficient for the ac-
curate determination of the crystal structure, but it was
felt that a more complete data set was needed for this
present work. Accordingly, additional data were taken,
yielding the set of structure factor magnitudes given
in Table 6 (Smith, 1965). Unobserved reflections are
marked by asterisks in the columns giving the observed
magnitudes and the standard errors. For observed re-
flections, the calculated structure factors are those of
the ‘Int.” geometry of SCF fit (D). The calculated
magnitudes for the unobserved reflections are based
on an ‘ORFLS’ spherical atom calculation for the
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‘short’ geometry. Because of expense considerations,
no SCF scattering factors were calculated for these re-
flections. The spherical atom scattering factors thus
calculated should differ from the corresponding SCF
factors by much less than an order of magnitude.

The experimental data were taken by hand position-
ing a scintillation counter; the normal beam method
was used, with a crystal of arbitrary orientation. These
factors lead to three classes of unobserved reflections.*

(1) Below a sin 8 value of 0-3, in the region where
the original data were collected, all reflections were
measured. Unobserved reflections in this region failed
to give a count greater than background. (2) For values
of sin @ greater than 0-3, reflection magnitudes were
calculated using the structural parameters derived from
the original data. Only those reflections having a cal-
culated value beyond a predetermined limit were mea-
sured. (3) Some reflections were inaccessible because
of the arbitrary orientation of the crystal and the design
of the low temperature apparatus used.

The scale factor relating the calculated SCF struc-
ture factors as given in Table 6 and the calculated SCF
structure factors on an absolute scale is 12-33,

* We wish to thank Dr H.Waren Smith for a private com-
munication giving these details.
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